Abstract. We give some general results on proper-biharmonic submanifolds of a complex space form and, in particular, of the complex projective space. These results are mainly concerned with submanifolds with constant mean curvature or parallel mean curvature vector field. We find the relation between the bitension field of the inclusion of a submanifoldM in CP n and the bitension field of the inclusion of the corresponding Hopf-tube in S 2n+1 . Using this relation we produce new families of proper-biharmonic submanifolds of CP n . We study the geometry of biharmonic curves of CP n and we characterize the proper-biharmonic curves in terms of their curvatures and complex torsions.
Introduction
Biharmonic maps ϕ : (M, g) → (N, h) between Riemannian manifolds are critical points of the bienergy functional
where τ (ϕ) = trace ∇dϕ is the tension field of ϕ that vanishes on harmonic maps. The Euler-Lagrange equation corresponding to E 2 is given by the vanishing of the bitension field
where J ϕ is formally the Jacobi operator of ϕ (see [16] ). The operator J ϕ is linear, thus any harmonic map is biharmonic. We call proper-biharmonic the non-harmonic biharmonic maps. The analytic aspects of biharmonic maps as well as the differential geometry of such maps have been studied in the last decade (see, for example, [7, 17, 22, 23] and [2, 10, 16, 21, 24] , respectively).
In this paper we shall focus our attention on proper-biharmonic submanifolds, i.e. on submanifolds such that the inclusion map is a proper-biharmonic map.
The proper-biharmonic submanifolds of a real space form were extensively studied, see, for example, [3, 4, 5, 6, 8, 11] . Naturally, the next step has been the study of proper-biharmonic submanifolds of spaces of non-constant sectional curvature (see, for example, [1, 13, 14, 15, 25, 26, 27] ).
This work is devoted to the study of proper-biharmonic submanifolds in a complex space form. This subject has already been started by several authors. In [9] some pinching conditions for the second fundamental form and the Ricci curvature of a biharmonic Lagrangian submanifold of CP n , with parallel mean curvature vector field, were obtained. In [26] , the author gave a classification of biharmonic Lagrangian surfaces of constant mean curvature in CP 2 . Finally, in [14] , there is a characterization of biharmonic constant mean curvature real hypersurfaces of CP n and the classification of biharmonic homogeneous real hypersurfaces of CP n .
The paper is organized as follows. In the first part we obtain some general properties on proper-biharmonic submanifolds with constant mean curvature, or parallel mean curvature vector field, of the complex projective space endowed with the standard Fubini-Study metric. When the ambient space is a complex space form of non-positive holomorphic curvature we obtain non-existence results.
In the second part we consider the Hopf map defined as the restriction of the natural projection π : C n+1 \ {0} → CP n to the sphere S 2n+1 , which defines a Riemannian submersion. For a real submanifoldM of CP n we denote by M := π −1 (M ) the Hopf-tube overM . We obtain the formula which relates the bitension field of the inclusion ofM in CP n and the bitension field of the inclusion of M = π −1 (M ) in S 2n+1 (Theorem 3.3). Using this formula we are able to produce a new class of proper-biharmonic submanifoldsM of CP n when M is of "Clifford type" (Theorem 4.2), and to reobtain a result in [27] when M is a product of circles (Theorem 4.10). We note thatM is minimal (harmonic) in CP n if and only if M is minimal in S 2n+1 (see [18] ) but, for what concerns the biharmonicity, the result does not hold anymore.
In the last part of the paper we concentrate on the geometry of proper-biharmonic curves of CP n . We characterize all proper-biharmonic curves of CP n in terms of their curvatures and complex torsions. Then, using the classification of holomorphic helices of CP 2 given in [19] , we determine all proper-biharmonic curves of CP 2 (Theorem 6.1).
Biharmonic submanifolds of complex space forms
Let E n C (4c) be a complex space form of holomorphic sectional curvature 4c. Let us denote byJ the complex structure and by , the Riemannian metric on E n C (4c). Then its curvature operator is given, for vector fields X, Y and Z, by Let now :Mm → E n C (4c) be the canonical inclusion of a submanifoldM in E n C (4c) of real dimensionm. Then the bitension field becomes (2.2) τ 2 () = −m{∆H − cmH + 3cJ JH ⊤ }, whereH denotes the mean curvature vector field, ∆ is the rough Laplacian, and () ⊤ denotes the tangential component toM . The overbar notation will be justified in the next section. If we assume thatJH is tangent toM , then (2.2) simplifies to
Decomposing (2.3) with respect to its tangential and normal component we get 
Thus, around p,
and, at p,
where ∇M is the Levi-Civita connection onM . Moreover, a long but straightforward computation gives
Further, using the curvature tensor field of the pull-back bundle ()
Finally, taking into account thatJH is tangent toM , we have
which gives, together with (2.3), the desired result.
IfM is a hypersurface, thenJH is tangent toM , and the previous proposition gives the following result of [14] Corollary 2.2. LetM be a real hypersurface of E n C (4c) of non-zero constant mean curvature. Then it is proper-biharmonic if and only if
Proposition 2.1 can be applied also in the case of Lagrangian submanifolds. We recall here thatM is called a Lagrangian submanifold if dimM = n and * Ω = 0, where Ω is the fundamental 2-form on E n C (4c) defined by Ω(X, Y ) = X,J Y , for any vector fields X and Y tangent to E n C (4c). Corollary 2.3. LetM be a Lagrangian submanifold of E n C (4c) with parallel mean curvature vector field. Then it is biharmonic if and only if traceB(·,ĀH (·)) = c(n + 3)H.
In the sequel we shall consider only the case of complex space forms with positive holomorphic sectional curvature. A partial motivation of this fact is that Corollary 2.2 rules out the case c ≤ 0. As usual, we consider the complex projective space Proof. LetM be a real submanifold of CP n of dimensionm such thatJH is tangent toM . Assume that it has non-zero constant mean curvature, and it is biharmonic. AsM is biharmonic we have
Replacing in the Weitzenböck formula (see, for example, [12] )
the expression of ∆ ⊥H ,H , and using the fact that |H| is constant, we obtain
Let p be an arbitrary point ofM and let {X i }m i=1 be an orthonormal basis of T pM such thatĀH (X i ) = λ i X i . We have
or, equivalently,
Then the square of the norm ofĀH becomes
Replacing in (2.5) we get
m andM is biharmonic, the above inequalities become equalities, and therefore λ 1 = · · · = λ m and ∇ ⊥H = 0, i. 
Proof. LetM 2n−1 be a proper-biharmonic real hypersurface of CP n with constant mean curvature, so |B| 2 = 2(n + 1). The Gauss equation for the submanifoldM of CP n is
where RM is the curvature tensor field ofM . Let us denote by
is a local orthonormal frame field, we have
Replacing in the above expression of the Ricci tensor, we get
Finally, taking the trace, we have
Another important family of submanifolds of CP n is that consisting of the submanifolds for whichJH is normal toM . In this case, using an argument similar to the case whenJH is tangent toM , we have the following result Proposition 2.7. LetM be a real submanifold of CP n of dimensionm such that JH is normal toM . ThenM is biharmonic if and only if
Moreover, ifJH is normal toM andM has parallel mean curvature, thenM is biharmonic if and only if
traceB(·,ĀH (·)) =mH.
Also in this case, if the mean curvature is constant we can bound its value, as it is shown by the following Proposition 2.8. LetM be a real submanifold of CP n of dimensionm such that JH is normal toM . Assume that it has non-zero constant mean curvature. We have
is proper-biharmonic if and only if it is pseudo-umbilical
and
Remark 2.9. We shall see in Proposition 5.5 (a), that the upper bound is reached in the case of curves.
The Hopf fibration and the biharmonic equation
Let π : C n+1 \ {0} → CP n be the natural projection. Then π restricted to the sphere S 2n+1 of C n+1 gives rise to the Hopf fibration π : S 2n+1 → CP n and if 4c = 4 then π : S 2n+1 → CP n defines a Riemannian submersion. In the sequel we shall look at S 2n+1 as a hypersurface of R 2n+2 and we shall denote byĴ the complex structure of R 2n+2 .
LetM be a real submanifold of CP n of dimensionm and denote by M := π −1 (M ) the Hopf-tube overM . If we denote by :M → CP n and  : M → S 2n+1 the respective inclusions we have the following diagram
We shall now find the relation between the bitension field of the inclusion and the bitension field of the inclusion . For this, let {X k }m k=1 be a local orthonormal frame field tangent toM , 1 ≤m ≤ 2n−1, and let {η α } 2n α=m+1 be a local orthonormal frame field normal toM . Let us denote by X k :=X H k and η α :=η H α the horizontal lifts with respect to the Hopf map and by ξ the Hopf vector field on S 2n+1 which is tangent to the fibres of the Hopf fibration, i.e. ξ(p) = −Ĵp, for any p ∈ S 2n+1 . Then {ξ, X k } is a local orthonormal frame field tangent to M and {η α } is a local orthonormal frame field normal to M .
where ∇  and ∇ denote the pull-back connections on
Proof. Decomposing ∇  X V in its horizontal and vertical components we have
where∇ is the Levi-Civita connection on the Euclidean space E 2n+2 .
where ∆  and ∆ are the rough Laplacians acting on sections of  −1 (T S 2n+1 ) and
Proof. The Laplacian ∆  is given by
We compute each term separately. From Lemma 3.1 we have
Summing (3.1) and (3.2) up we find
We now compute the extra terms in the above equation.
Before giving the relation between the bitension fields we need to compute the trace of the curvature operators. One gets immediately
We are now ready to state the main theorem of this section 
Proof. From (1.1) and (3.4) we have
Next, since τ () = (τ ()) H , using Lemma 3.2 and (3.5) we find the assertion of the theorem.
Remark 3.4.
(i) Using the horizontal lift, it is straightforward to check that (3.6) can be written as
Xp , ξ(p) = 0, for any vectorXp tangent toM . Denote by :M → S 2n+1 the canonical inclusion, and by {φ t } the flow of ξ. We know that τ 2 () (t,p) = (dφ t )p(τ 2 ()), see [13] , and we can check that, at p,
To state the next results we recall that a smooth map ϕ :
where λ is a real constant. The critical points of the λ-bienergy satisfy the equation Proof. We have (J τ ()) ⊤ =Jτ () and it remains to prove that divM (Jτ ()) = 0. Letη be a local unit section in the normal bundle ofM in CP n and consider {X 1 ,JX 1 , . . . ,X n−1 ,JX n−1 ,Jη} a local orthonormal frame field tangent tō M . SinceM is a hypersurface of constant mean curvature, it is enough to prove that divM (Jη) = 0. But, denoting byĀη the shape operator ofM ,
for any 1 ≤ a, b ≤ n − 1, and
so we conclude. Proof. SinceM is a Lagrangian submanifold, dimM =m = n andJ(TM ) = NM (thereforeJ(NM ) = TM ). We have thatJτ () ∈ C(TM ) and we shall prove that ∇MJτ () = 0 which implies divM (J τ ()) = 0. Indeed, for anyX andȲ tangent tō M we have
We end this section with 
Biharmonic submanifolds of Clifford type
For a fixed n > 1, consider the spheres
a,b and, according to [6] , is proper biharmonic in S 2n+1 if and only if a = b = √ 2/2 and m 1 = m 2 . If M 1 × M 2 is invariant under the action of the one-parameter group of isometries generated by the Hopf vector field ξ on S 2n+1 , then it projects onto a submanifold of CP n and we could ask for which values of a, b, m 1 , m 2 is it a proper-biharmonic submanifold.
We start with the following 
where η is the unit normal section in the normal bundle of T
a,b , and a straightforward computation gives
Let {X k = (X k , 0)} be a local orthonormal frame field tangent to S 2p+1 (a) and {Y l = (0, Y l )} a local orthonormal frame field tangent to S 2q+1 (b). Then, applying the composition law for the tension field and using that  1 is harmonic, we have
k=1 is a geodesic frame field around x and
l=1 is a geodesic frame field around y. Then at p
Finally, using the standard formula for the curvature of S 2n+1 , we get
that summed up with (4.2) gives the lemma. Proof. The Hopf vector field ξ is a Killing vector field on S 2n+1 that, at a point p = (x, y), is given by
Since M 1 ×M 2 is invariant under the action of the one-parameter group of isometries generated by ξ, it remains Killing when restricted to
it follows thatĴη is a Killing vector field on
Since div(Ĵτ ( •  1 )) = div(cĴ η) = 0, using Remark 3.4 (iii), it results that π(M 1 × M 2 ) is a biharmonic submanifold of CP n if and only if
Finally, using Lemma 4.1, we get
, we recover the result in [14] concerning the proper-biharmonic homogeneous real hypersurfaces of type A in CP n .
Example 4.4. Let e 1 and e 3 be two constant unit vectors in E 2n+2 , with e 3 orthogonal to e 1 andĴe 1 . We consider the circles S 1 (a) and S 1 (b) lying in the 2-planes spanned by {e 1 ,Ĵe 1 } and {e 3 ,Ĵ e 3 }, respectively. Then . 
4.1.
Sphere bundle of all vectors tangent to S 2p+1 (a). We have seen that if M is a product submanifold in T p,q a,b then its projection π(M ) can be proper-biharmonic in CP n . But when M is not a product, the situation can be more complicated as it is illustrated by the following example.
We consider the sphere of radius a
and its sphere bundle of all vectors tangent to S 2p+1 (a) and of norm b, that is
It is easy to check that M is invariant under the flow-action of the characteristic vector field ξ, which means e −it p ∈ M , ∀p ∈ M and ∀t ∈ R. Let (x 0 , y 0 ) ∈ M . Then
In order to find a basis in T (x 0 ,y 0 ) M , we consider {y 0 , y 1 , . . . , y 2p+1 } an orthogonal basis in T x 0 S 2p+1 (a), each vector being of norm b. We think M as a hypersurface of the tangent bundle T S 2p+1 (a), and we consider on T S 2p+1 (a) and M the induced metrics from the canonical metric on R 4p+1
The above inclusions are the canonical ones. The vertical lifts of the tangent vectors y 2 , y 3 , . . . , y 2p+1 , in (x 0 , y 0 ), are y 3 ) , . . . , y V 2p+1 = (0, y 2p+1 ), and the horizontal lifts of y 0 , y 2 , y 3 , . . . , y 2p+1 , in (x 0 , y 0 ), are (y 3 , 0) , . . . , y H 2p+1 = (y 2p+1 , 0).
The vectors {y
The vector C(x 0 , y 0 ) = y V 0 = (0, y 0 ) is tangent to T S 2p+1 (a) in (x 0 , y 0 ) and orthogonal to M .
From now on we shall consider a 2 + b 2 = 1 and the inclusions
We define η 1 (x 0 , y 0 ) = (y 0 , x 0 ) and η 2 (x 0 , y 0 ) = (x 0 , − a 2 b 2 y 0 ). We have that η 1 and η 2 are normal to M , and
We denote by B (x 0 ,y 0 ) the second fundamental form of M in S 4p+3 , in the point (x 0 , y 0 ). By a straightforward computation we obtain
where
Therefore M is minimal in S 4p+3 if and only if
. It is not difficult to check that (4.5)
From (4.5) we obtain that
Denoting W (x 0 , y 0 ) = y H 0 , we get
Before concluding we give the following Lemma which follows by direct computation.
Lemma 4.8. Let N n be a hypersurface of a Riemmanian manifold (P n+1 , , ), and X ∈ C(T P ) a Killing vector field. We denote 
Proof. As the mean curvature vector field of M in S 4p+3 is H = cη 2 , where c = 
From (4.6) and (4.7) we get that M is biharmonic if and only if 
b) We obtain that M is (−4)-biharmonic if and only if
and therefore traceȦ = 0, which means that M is minimal in
The vector field ξ 3 is a Killing vector field on S 2p+1 (a) × S 2p+1 (b). We observe that
, from Lemma 4.8, we get div(Ĵ η 2 ) ⊤ = 0. Therefore π(M ) is biharmonic in CP n if and only if
which is not satisfied.
Circles products.
We shall recover a result of Zhang (see [27] ). We denote by T the (n + 1)-dimensional Clifford torus
where a 2 1 + · · · + a 2 n+1 = 1. The projectionT = π(T ) is a Lagrangian submanifold in CP n of parallel mean curvature vector field.
Theorem 4.10 ([27]). The Lagrangian submanifoldT = π(T ) of CP n is properbiharmonic if and only if T is (−4)-biharmonic, that is
Proof. We denote a point x ∈ T by
), where we identify
The vector fields {X k } form an orthonormal frame field of C(T T ). It is easy to check that, at a point x, (see also [26] ).
Biharmonic curves in CP n
Letγ : I ⊂ R → CP n be a curve parametrized by arc-length. The curve γ is called a Frenet curve of osculating order Using the Frenet equations, the bitension field ofγ becomes
. In order to solve the biharmonic equation τ 2 (γ) = 0, because of the last term in (5.2), we must split our study in three cases.
5.1. Biharmonic curves withτ 12 = ±1. In this caseJĒ 2 = ±E 1 and, using the Frenet equations ofγ, we obtain Next, let us consider a curveγ : I ⊂ R → CP n parametrized by arc-length with τ 12 = ±1, and denote by γ : I ⊂ R → S 2n+1 one of its horizontal lifts. We shall characterize the biharmonicity ofγ in terms of γ.
We denote by∇ the Levi-Civita connection on S 2n+1 . We have
and this means k 2 = 1 and
In conclusion γ is a helix with k 1 =k 1 and k 2 = 1. Now, we haveĴτ (γ) = k 1Ĵ E 2 = ±k 1 E 1 , which is tangent to γ, and then 
where e 1 and e 3 are constant unit vectors in R 2n+2 with e 3 orthogonal to e 1 andĴe 1 .
Proof. The curve γ is a helix with the Frenet frame field {E 1 =Ē H 1 , E 2 =Ē H 2 , E 3 = ∓ξ} and with curvatures k 1 =k 1 = 2 and k 2 = 1.
From the Weingarten equation of S 2n+1 in R 2n+2 and Frenet equations we get
Hence γ is a solution of the differential equation
whose general solution is γ(s) = cos(As)c 1 + sin(As)c 2 + cos(Bs)c 3 + sin(Bs)c 4 ,
where A, B = √ 2 ± 1 and {c i } are constant vectors in E 2n+2 . As γ satisfies 
and, from (5.4), (5.9) and (5.12) it follows that
Therefore, we obtain that {c i } are orthogonal vectors in E 2n+2 with
. By using that E 1 = γ ′ ⊥ ξ and then thatĴE 2 = ±E 1 , we conclude. (a) n = 2 andγ is a circle withk 1 = 1, or (b) n ≥ 3 andγ is a circle withk 1 = 1 or a helix withk 2 1 +k 2 2 = 1. Proof. We only have to prove the statements concerning the dimension n.
First, since {Ē 1 ,Ē 2 ,JĒ 2 } are linearly independent, it follows that n > 1. Now, assume thatγ is a Frenet curve of osculating order 3 such thatJĒ 2 ⊥Ē 1 . We have (5.14)
It is easy to see that, at an arbitrary point, the system
consists of non-zero vectors which are orthogonal to each other, and therefore n ≥ 3.
Next, we shall consider the horizontal lift γ : I ⊂ R → S 2n+1 of a curveγ : I ⊂ R → CP n parametrized by arc-length withτ 12 = 0. As in the previous case we have The parametric equations of the proper-biharmonic Frenet curves in S 2n+1 witĥ JE 2 ⊥ E 1 were obtained in [13] . Using that result we can state Proposition 5.7. Letγ : I ⊂ R → CP n be a proper-biharmonic Frenet curve parametrized by arc-length withτ 12 = 0. Then the horizontal lift γ : I ⊂ R → S 2n+1 can be parametrized, in the Euclidean space R 2n+2 , either by
where {e i ,Ĵ e j } 3 i,j=1 are constant unit vectors orthogonal to each other, or by
where κ 1 ∈ (0, 1), and {e i ,Ĵe j } 4 i,j=1 are constant unit vectors orthogonal to each other. 
Biharmonic curves withτ
Hence, taking the inner product withk 2Ē3 in (5.15), we getk ′ 2k 2 + 3τ 12τ Next we shall prove that for a proper-biharmonic Frenet curve in CP n ,τ 12 and k 1 are constants whatever the osculating order ofγ is.
From the third equation of (5.16), we get Ifτ 12 = 0 then we know thatγ is either a holomorphic circle of curvaturek 1 = 1 or a helix. We now prove that it is a holomorphic helix. For this we need to prove that the complex torsionsτ 13 ,τ 23 are constant.
Now, using that for a Frenet curve of osculating order 3 we havek 1τ23 =τ ′ 13 +k 2τ12 , we see that alsoτ 23 is constant.
When the biharmonic curve is of osculating order 4, system (5.17) has four solutions. In order to prove thatτ 23 is constant we differentiate the expression ofJĒ 1 and using the Frenet equations we obtain ∇Ē 1JĒ 1 = cos α 0∇Ē 1Ē 2 + sin α 0∇Ē 1Ē 4 = −k 1 cos α 0Ē1 + (k 2 cos α 0 −k 3 sin α 0 )Ē 3 .
On the other hand,∇Ē 1JĒ 1 =k 1JĒ2 and therefore we have We take the inner product of (5.20) withĒ 3 ,JĒ 2 andJĒ 4 , respectively, and we get 
Biharmonic curves in CP 2
In this section we give the complete classification of all proper-biharmonic Frenet curves in CP 2 . From the previous section, we only have to classify the properbiharmonic Frenet curves of osculating order 4.
In the proof of Proposition 5.11 we have seen that In order to conclude, we briefly recall a result of S. Maeda and T. Adachi. In [19] , they showed that for given positive constantsk 1 ,k 2 andk 3 , there exist four equivalence classes of holomorphic helices of order 4 in CP 2 with curvaturesk 1 ,k 2 andk 3 with respect to holomorphic isometries of CP 2 . The four classes are defined
